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Tight Lagrangian surfaces in S2 × S2 ∗
Hiroshi Iriyeh and Takashi Sakai †
Abstract
We determine all tight Lagrangian surfaces in S2×S2. In particular, globally
tight Lagrangian surfaces in S2 × S2 are nothing but real forms.
Key words: Lagrangian submanifold; Killing nullity; tight map; Poincare´
formula; Arnold-Givental inequality;.
1 Introduction and main results
In 1991, Y.-G. Oh [11] introduced the notion of tightness of closed Lagrangian subman-
ifolds in compact Hermitian symmetric spaces. Let (M˜ = G/K, ω, J) be a Hermitian
symmetric space of compact type and L be a closed embedded Lagrangian submanifold
of M˜ . Then L is said to be globally tight (resp. tight) if it satisfies
#(L ∩ g · L) = SB(L,Z2)
for any isometry g ∈ G (resp. close to the identity) such that L transversely intersects
with g · L. Here SB(L,Z2) denotes the sum of Z2-Betti numbers of L.
It is known that any real forms in a compact Hermitian symmetric space G/K are
tight. It is a natural problem to classify all tight Lagrangian submanifolds in G/K.
Indeed, Oh [11] proved the following uniqueness theorem in CP n.
Theorem 1.1 (Oh). Let L be a closed embedded tight Lagrangian submanifold in CP n.
Then L is the standard totally geodesic RP n if n ≥ 2 or it is the standard embedding
S1(∼= RP 1) into S2(∼= CP 1) as a latitude circle.
And he posed the following problem:
Problem (Oh). Classify all possible tight Lagrangian submanifolds in other Hermitian
symmetric spaces. Are the real forms on them the only possible tight Lagrangian
submanifolds?
In this paper we give the complete solution of it in the case of S2 × S2. Note that
the following is the first result for the above problem except the case of CP n.
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Theorem 1.2. Let L be a closed embedded tight Lagrangian surface in (S2×S2, ω0⊕ω0),
where ω0 denotes the standard Ka¨hler form of S
2(1) ∼= CP 1. Then L must be one of
the following cases:
(i) the totally geodesic Lagrangian sphere
L = {(x,−x) ∈ S2 × S2 | x ∈ S2}.
(ii) a product of latitude circles S1(a) ⊂ S2, i.e.,
L = S1(a)× S1(b) ⊂ S2 × S2,
where S1(a) stands for the round circle with radius a (0 < a ≤ 1).
Corollary 1.3. Let L be a closed embedded globally tight Lagrangian surface in (S2 ×
S2, ω0 ⊕ ω0). Then L must be one of the following two cases:
(i) the totally geodesic Lagrangian sphere
L = {(x,−x) ∈ S2 × S2 | x ∈ S2}.
(ii) the product of equators (totally geodesic Lagrangian torus)
L = S1(1)× S1(1) ⊂ S2 × S2.
As Oh[11, p. 409] pointed out, the global tightness is closely related with the Hamil-
tonian volume minimization problem. In fact, all globally tight Lagrangian submani-
folds which are listed in Theorem 1.1 and Corollary 1.3 are Hamiltonian volume mini-
mizing1 (see [10, 5]).
Our strategy of the proof of the main result (Theorem 1.2) is to classify all tight
Lagrangian surfaces by their Killing nullities in S2 × S2. Possible Killing nullities of
Lagrangian surfaces in S2 × S2 are 3, 4, 5 and 6. In Section 3, we shall show that it
is impossible for a tight Lagrangian surface L to have 6 or 5 as the Killing nullity
using the theory of tight maps into Euclidean spaces. This part is a modification of
Oh’s method used in the case of CP n (see [11, Theorem 4.4]). But, in our case, we
essentially use the equality condition of Kuiper’s inequality (see Theorem 2.7) in the
case where the Killing nullity of L is 5 (Proposition 3.4).
The latter part of the paper is devoted to the determination of Lagrangian surfaces
in S2×S2 with low Killing nullities. In Section 4, first of all, we explain basic inequality
obtained by Gotoh [3], which gives a lower bound of the Killing nullity of any subman-
ifold in compact symmetric spaces (see Theorem 4.1). In Section 5, we shall prove
a sharp estimate of the lower bound in Gotoh’s inequality in the case of Lagrangian
surfaces in S2 × S2 (Proposition 5.1). This formula enables us to determine all the
Lagrangian surfaces with low Killing nullities. In the last section, all the Lagrangian
surfaces with Killing nullities 3 or 4 are completely determined. Our argument is based
on Gotoh’s inequality, the above mentioned estimate and recent developments concern-
ing Lagrangian surfaces in S2×S2 (see [1, 9]). In particular, Gotoh’s inequality is used
effectively in this context.
1The Lagrangian surface (i) in Corollary 1.3 is actually homologically volume minimizing.
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2 Preliminaries
Let (M˜, ω) be a closed symplectic manifold. Let L be a manifold of dimension 1
2
dimM˜ .
In this paper all manifolds, maps, etc. are supposed to be of class C∞. An embedding
ι : L → M˜ is said to be Lagrangian if ι∗ω = 0. The image ι(L) is called (embedded)
Lagrangian submanifold of M˜ . Wherever possible, we denote ι(L) by L. In this paper,
we only consider a special class of symplectic manifolds, i.e., Ka¨hler manifolds. If J is
the associated complex structure on (M˜, ω), then the metric g and ω have the relation
g(X, Y ) = ω(X, JY ). Then ι : L→ M˜ is Lagrangian if and only if
Tι(p)M˜ = ι∗TpL⊕ J(ι∗TpL)
for any p ∈ L as an orthogonal direct sum.
Let us introduce the notion of tightness of Lagrangian submanifolds. Although Oh
considered the case of Hermitian symmetric spaces in [11], its definition is valid for,
more generally, homogeneous Ka¨hler manifolds.
Definition 2.1. Let (M˜, ω, J) be a homogeneous Ka¨hler manifold and L be a La-
grangian submanifold of M˜ . Then L is said to be globally tight (resp. tight) if
#(L ∩ g · L) = SB(L,Z2)
for any holomorphic isometry g (resp. close to the identity) such that L transversely
intersects with g · L.
One of the important tools to study the tightness of Lagrangian submanifolds is
the theory of tight maps into Euclidean spaces. We recall some necessary definitions
and results for our discussion in the following sections.
Let Mn be a closed n-dimensional manifold.
Definition 2.2. A nondegenerate function f on Mn is said to be tight (or perfect) if
it has the minimal number of critical points:
#Crit(f) = SB(M,Z2),
where #Crit(f) denotes the number of critical points of f .
Remark 2.3. By Morse theory, for any nondegenerate function f ∈ C∞(Mn) we have
#Crit(f) ≥ SB(M,Z2).
Definition 2.4. Amap φ :Mn → EN from a closed manifoldMn to theN -dimensional
Euclidean space (EN , 〈·, ·〉) with the standard inner metric 〈·, ·〉 is said to be tight if the
functions z ◦φ are tight for all unit vectors z∗ ∈ SN−1 such that z ◦φ is nondegenerate,
where z is the linear function dual to z∗:
(z ◦ φ)(x) := 〈φ(x), z∗〉 (x ∈Mn).
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Remark 2.5. Sard’s theorem says that the function z ◦ φ is nondegenerate for almost
all z∗ ∈ SN−1.
Definition 2.6. A map φ :Mn → EN is said to be substantial (or full) if the image of
φ is not contained in any hyperplane of EN .
The following inequality by Kuiper [6, Theorem 3A] will be used to prove the
nonexistence result of tight Lagrangian surfaces in S2 × S2 with Killing nullity 6 or 5.
Theorem 2.7 (Kuiper [6, 7], Little-Pohl [8]). Let Mn be a closed n-dimensional man-
ifold. If φ :Mn → EN is a tight smooth map substantially into EN , then
N ≤ 1
2
n(n + 3). (2.1)
Moreover, the equality is only obtained if M = RP n, the n-dimensional real projective
space and the image φ(M) is the Veronese manifold (unique up to projective transfor-
mation) of EN .
Note that the equality condition above was obtained by Kuiper [7] for surfaces,
n = 2, and by Little and Pohl [8] for n-manifolds in general. We will use the equality
condition for the case of surfaces essentially in Section 3.
At the end of this section, we review the definition of the Killing nullity. Let M˜ be
a Riemannian manifold and M be a submanifold in M˜ . Let i(M˜) be the Lie algebra
consisting of all Killing vector fields of M˜ . Consider the following vector space
i(M˜)NM := {ZNM ∈ Γ(NM) | Z ∈ i(M˜)},
where NM denotes the normal bundle ofM and ZNM indicates the normal component
of a vector field Z of M˜ . The dimension of i(M˜)NM is called the Killing nullity of M
and denoted by nulK(M). For any p ∈M , we consider a linear map
Φp : i(M˜)
NM −→ NpM ⊕ Hom(TpM,NpM)
defined by
Φp(Z
NM) := (ZNMp ,∇NMZNM),
where ∇NM denotes the normal connection of the normal bundle NM . By definition
of Φp, we have
nulK(M) ≥ dim ImΦp.
As we explain in Section 4, this estimate can be described in terms of Lie algebra in
the case where M˜ is a compact Riemannian symmetric space.
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3 Nonexistence of tight Lagrangian surfaces with
large Killing nullities
Let G be the identity component of the full isometry group of S2 × S2, that is, G =
SO(3) × SO(3). Then the isotropy group K at o = (p1, p2) in S2 × S2 is isomorphic
to SO(2)× SO(2), and S2 × S2 is expressed as a coset space G/K. Assume that G is
equipped with an invariant metric normalized so that G/K becomes isometric to the
product of unit spheres.
The vector space of all Killing vector fields on S2×S2 is denoted by i(G/K), which
is isomorphic to the Lie algebra g = so(3) ⊕ so(3) of G. Let ι : L → S2 × S2 be a
Lagrangian embedding of a closed surface L. Let us consider the Killing nullity of L:
nulK(L) = dimR i(G/K)
NL. Since the dimension of G is 6, we have nulK(L) ≤ 6.
Proposition 3.1. If nulK(L) = 6, then the closed embedded Lagrangian surface L in
S2 × S2 cannot be tight in the sense of Definition 2.1.
Proof. Assume that nulK(L) = 6. It suffices to show the following:
Claim 1. There exists some g ∈ G which is arbitrarily close to the identity such
that L transversely intersects with g · L and
#(L ∩ g · L) > SB(L,Z2).
It is equivalent to
Claim 2. There exists some W ∈ i(G/K) such that all zeros of WNL ∈ Γ(NL) are
nondegenerate and
#Zero(WNL) > SB(L,Z2).
Indeed, for W ∈ i(G/K) as in Claim 2, exp(tW ) ∈ G will be an isometry satisfying
the property of Claim 1 for sufficiently small t. Hence, we shall prove Claim 2.
ChooseW1,W2, . . . ,W6 ∈ i(G/K) such that {WNL1 ,WNL2 , . . . ,WNL6 } form a basis of
i(G/K)NL. Since the isometry group action of G on G/K is Hamiltonian, there exists
a function fξ ∈ C∞(G/K) corresponding to any element ξ ∈ i(G/K) ∼= so(3)⊕ so(3)
such that
dfξ = ω(ξ, ·).
Therefore, for each Wi ∈ i(G/K) (i = 1, 2, . . . , 6), there exists a function fi ∈
C∞(G/K) such that dfi = ω(Wi, ·).
Let us define φi := ι
∗fi ∈ C∞(L) (i = 1, 2, . . . , 6) and introduce a smooth map
φ : L→ E6 defined by
φ(p) := (φ1(p), φ2(p), . . . , φ6(p)) (p ∈ L).
We shall show that φ : L → E6 is substantial. Assume that φ is not substantial, i.e.,
there exists a hyperplane H ⊂ E6 such that φ(L) ⊂ H . This condition is equivalent to
the one that there exists a nonzero vector z∗ = (b1, b2, . . . , b6) ∈ R6 such that
(z ◦ φ)(p) = 〈z∗, φ(p)〉 = const.
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for all p ∈ L. Hence the differential of z ◦ φ vanishes identically and we have
0 = d(z ◦ φ) = d(b1φ1 + b2φ2 + · · ·+ b6φ6)
= b1d(ι
∗f1) + b2d(ι
∗f2) + · · ·+ b6d(ι∗f6)
= ι∗(b1df1 + b2df2 + · · ·+ b6df6)
= ι∗(b1ω(W1, ·) + b2ω(W2, ·) + · · ·+ b6ω(W6, ·))
= ω(b1W1 + b2W2 + · · ·+ b6W6, ι∗(·)).
Putting V := b1W1 + b2W2 + · · ·+ b6W6 ∈ i(G/K), then we obtain
0 = ω(V NL, ι∗(·)) = g(JV NL, ι∗(·))
and it yields V NL = b1W
NL
1 + b2W
NL
2 + · · ·+ b6WNL6 = 0. Since WNL1 ,WNL2 , . . . ,WNL6
are linearly independent, we have z∗ = (b1, b2, . . . , b6) = 0. This is a contradiction.
Therefore, φ : L→ E6 is substantial.
By Theorem 2.7, the smooth map φ cannot be tight. Hence, there is some z∗ =
(a1, a2, . . . , a6) ∈ S5(1) ⊂ E6 such that
z ◦ φ = a1φ1 + a2φ2 + · · ·+ a6φ6 ∈ C∞(L)
is nondegenerate but not tight, that is,
#Crit(z ◦ φ) > SB(L,Z2).
The differential of z ◦ φ is calculated as
d(z ◦ φ) = ω(a1W1 + a2W2 + · · ·+ a6W6, ι∗(·)).
Here, if we put
W := a1W1 + a2W2 + · · ·+ a6W6 ∈ i(G/K), (3.1)
then the critical points of z ◦ φ coincide with the zeros of WNL ∈ i(G/K)NL. The
Killing vector field W in (3.1) satisfies the requirement of Claim 2:
#Zero(WNL) = #Crit(z ◦ φ) > SB(L,Z2).
Remark 3.2. The above proposition can be generalized to the case of complex hyper-
quadrics Qn(C). It is expressed as a coset space G/K = SO(n + 2)/SO(2)× SO(n).
Let L be a closed Lagrangian submanifold in G/K. Since the dimension of the Lie
algebra of G = SO(n + 2) is (n + 2)(n + 1)/2, we have nulK(L) ≤ (n + 2)(n + 1)/2.
The same argument of Proposition 3.1 implies that if nulK(L) = (n+2)(n+1)/2, then
the closed embedded Lagrangian submanifold L in Qn(C) cannot be tight in the sense
of Definition 2.1.
Before we proceed to the case where nulK(L) = 5, let us mention a topological
restriction for embedded Lagrangian surfaces of S2 × S2.
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Lemma 3.3. Let ι : L→ S2×S2 be a Lagrangian embedding of a closed surface. Then
the Euler characteristic χ(L) of L is even.
Proof. Let ι : L → S2 × S2 be a Lagrangian embedding. Then ι∗[L] defines an
element of 2-dimensional integral homology class H2(S
2 × S2,Z). Since the homology
class is generated by S := [S2 × {pt}] and T := [{pt} × S2], the element ι∗[L] is
represented as
ι∗[L] = mS + nT
for some m,n ∈ Z. The self-intersection index of the cycle ι∗[L] ∈ H2(S2 × S2,Z) is
calculated as
ι∗[L] · ι∗[L] = (mS + nT ) · (mS + nT ) = 2mn.
This fact and Arnold’s formula (see [2, p. 200])
ι∗[L] · ι∗[L] = χ(L)
(in the nonorientable case the equality is modulo 2) implies that χ(L) is even.
Let us consider the case where nulK(L) = 5.
Proposition 3.4. If nulK(L) = 5, then the closed embedded Lagrangian surface L in
S2 × S2 cannot be tight in the sense of Definition 2.1.
Proof. Let ι : L → S2 × S2 be a Lagrangian embedding of a closed surface L.
Suppose that L is tight, i.e., it satisfies
#(L ∩ g · L) = SB(L,Z2)
for any isometry g ∈ G close to the identity such that L transversely intersects with
g · L. This condition implies that
#Zero(WNL) = SB(L,Z2) (3.2)
for any W ∈ i(G/K) such that all zeros of WNL ∈ i(G/K)NL are nondegenerate.
Since nulK(L) = 5, we can chooseW1, . . . ,W5 ∈ i(G/K) such that {WNL1 , . . . ,WNL5 }
form a basis of i(G/K)NL. For any Wi ∈ i(G/K) (i = 1, . . . , 5), there exists a function
fi ∈ C∞(G/K) such that dfi = ω(Wi, ·).
Define φi := ι
∗fi ∈ C∞(L) (i = 1, . . . , 5) and consider a smooth map φ : L → E5
defined by
φ(p) := (φ1(p), . . . , φ5(p)) (p ∈ L).
As in the proof of Proposition 3.1, we see that φ is a substantial map.
For any z∗ = (a1, . . . , a5) ∈ S4(1) ⊂ E5 such that z ◦ φ = a1φ1 + · · · + a5φ5 is
nondegenerate, we obtain
d(z ◦ φ) = ω(a1W1 + · · ·+ a5W5, ι∗(·)).
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Putting W := a1W1 + · · ·+ a5W5 ∈ i(G/K), then we have
d(z ◦ φ)(p) = ω (WNL(p), ι∗p(·)) (3.3)
for any p ∈ L. By equations (3.2) and (3.3), we obtain
#Crit(z ◦ φ) = #Zero(WNL) = SB(L,Z2)
for any z∗ = (a1, . . . , a5) ∈ S4(1) ⊂ E5 such that z ◦ φ is nondegenerate. Hence,
φ : L→ E5 is a tight substantial map of a closed surface.
Theorem 2.7 implies that φ satisfies the equality of (2.1). Hence, we have L = RP 2
and φ is the Veronese embedding. But Lemma 3.3 shows that RP 2 cannot be realized
as a Lagrangian embedding into S2 × S2, since χ(RP 2) = 1.
4 Symmetric spaces and Gotoh’s inequality
In this section, we explain Gotoh’s inequality which gives a lower bound of the Killing
nullity of any submanifold in compact symmetric spaces.
Let (G,H) be a Riemannian symmetric pair and g = h + m˜ its canonical decom-
position, where g and h denote the Lie algebras of G and H , respectively, and m˜ is
naturally identified with the tangent space To(G/H) of the origin o = H in the sym-
metric space G/H . Let M be a compact submanifold in G/H . We may assume that
M contains the origin o = H . Then m˜ is orthogonally decomposed as
m˜ = m+m⊥,
where subspaces m and m⊥ correspond to the tangent space ToM ofM and the normal
space NoM , respectively. Hence, we have an orthogonal decomposition
g = h+m+m⊥.
Any Z ∈ g can be decomposed as
Z = Zh+ Zm+ Z
⊥
according to the above orthogonal decomposition. Define two linear mappings Ψ1 :
g→ m⊥ and Ψ2 : g→ Hom(m,m⊥) by
Ψ1(Z) := Z
⊥ and Ψ2(Z)(X) := (adg(Zh)X)
⊥ − B(X,Zm) (X ∈ m),
where B : m × m → m⊥ is the bilinear mapping corresponding to the second funda-
mental form of M at o. Then the following theorem has been proven by T. Gotoh.
Theorem 4.1 (Gotoh [3]). Let G/K be a compact Riemannian symmetric space and
M a compact connected submanifold of G/K. Then, the Killing nullity of M satisfies
the inequality
nulK(M) ≥ codim(M) + dim Im(Ψ2|h). (4.1)
Moreover, if M satisfies the equality in (4.1), then M is an orbit of a closed subgroup
of G, i.e., M is a homogeneous submanifold of G/K.
Remark 4.2. We note that the Killing nullity nulK(M) is a global invariant ofM . On
the other hand, the right hand side of (4.1) is determined at the origin o ∈M , because
Im(Ψ2|h) is only depend on the choice of a subspace m in m˜.
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5 An estimate for the case of S2 × S2
In this section we shall give an estimate of (4.1) in the case of S2 × S2 explicitly.
We set
S2 × S2 := {(x, y) ∈ R3 × R3 | ‖x‖ = ‖y‖ = 1} ⊂ R3 × R3,
and assume that S2 × S2 is equipped with a complex structure J := J0 ⊕ J0, where
J0 is the canonical complex structure of S
2. Let {e1, e2, e3} be the standard ba-
sis of R3 and put o := (e1, e1) ∈ S2 × S2 ⊂ R3 × R3. Then J acts on the basis
{(e2, 0), (e3, 0), (0, e2), (0, e3)} of the tangent space To(S2×S2) of S2×S2 at the origin
o as:
J(e2, 0) = (e3, 0), J(e3, 0) = (−e2, 0),
J(0, e2) = (0, e3), J(0, e3) = (0,−e2).
A compact Lie group G := SO(3)×SO(3) acts on S2×S2 transitively and isomet-
rically. Then the isotropy subgroup at o is
H =
{([
1 O
O A
]
,
[
1 O
O B
]) ∣∣∣∣ A,B ∈ SO(2)
}
∼= SO(2)× SO(2).
Therefore S2 × S2 can be identified with a homogeneous space G/H in the following
manner:
S2 × S2 ∼= G/H = (SO(3)× SO(3))/(SO(2)× SO(2)),
g · o ←→ gH.
We denote the Lie algebras of G and H by g and h, respectively. Here g and h can
be expressed as the following:
g = so(3)⊕ so(3)
=





 0 −x1 −x2x1 0 −x3
x2 x3 0

 ,

 0 −y1 −y2y1 0 −y3
y2 y3 0




∣∣∣∣∣ x1, x2, x3, y1, y2, y3 ∈ R

 ,
h = so(2)⊕ so(2)
=





 0 0 00 0 −z1
0 z1 0

 ,

 0 0 00 0 −z2
0 z2 0




∣∣∣∣∣ z1, z2 ∈ R

 .
We set a subspace m˜ of g as
m˜ =





 0 −x1 −x2x1 0 0
x2 0 0

 ,

 0 −y1 −y2y1 0 0
y2 0 0




∣∣∣∣∣ x1, x2, y1, y2 ∈ R

 .
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Then we have a canonical decomposition g = h ⊕ m˜. The tangent space To(S2 × S2)
can be identified with m˜ in a natural manner. More precisely, the bases of these spaces
correspond with each other as in the following:
To(S
2 × S2) ∼= m˜
(e2, 0) ←→



 0 −1 01 0 0
0 0 0

 ,

 0 0 00 0 0
0 0 0



 ,
(e3, 0) ←→



 0 0 −10 0 0
1 0 0

 ,

 0 0 00 0 0
0 0 0



 ,
(0, e2) ←→



 0 0 00 0 0
0 0 0

 ,

 0 −1 01 0 0
0 0 0



 ,
(0, e3) ←→



 0 0 00 0 0
0 0 0

 ,

 0 0 −10 0 0
1 0 0



 .
We denote the Grassmannian manifold of all oriented 2-planes in To(G/H) by
G˜2(To(G/H)). The action of the rotation group SO(To(G/H)) =: G
′ on To(G/H) in-
duces a transitive action of G′ on G˜2(To(G/H)). We can express G
′ as a matrix group
SO(4) with respect to the basis {(e2, 0), (e3, 0), (0, e2), (0, e3)} of To(G/H). Then the
isotropy subgroup of the action of G′ at Vo := spanR{(e2, 0), (e3, 0)} ∈ G˜2(To(G/H)) is
H ′ =
{[
A O
O B
] ∣∣∣∣ A,B ∈ SO(2)
}
∼= SO(2)× SO(2).
Therefore G˜2(To(G/H)) can be identified with a homogeneous space
G˜2(To(G/H)) ∼= G′/H ′ = SO(4)/(SO(2)× SO(2))
with the origin Vo. We also denote Lie algebras of G
′ and H ′ by g′ and h′, respectively,
i.e.,
g′ = so(4) = {X ∈M4(R) | tX = −X},
h′ =
{[
X O
O Y
] ∣∣∣∣ X, Y ∈ so(2)
}
.
Now we set a subspace m′ of g′ as
m′ :=
{[
O −tX
X O
] ∣∣∣∣ X ∈M2(R)
}
.
Then we have a canonical decomposition g′ = h′⊕m′. The tangent space of G˜2(To(G/H))
at V0 can be identified with m
′. Take a maximal abelian subspace a′ of m′ as
a′ :=
{[
O −tX
X O
] ∣∣∣∣ X =
[
θ1 0
0 θ2
]}
.
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Then the set ∆ of all positive restricted roots of a compact symmetric pair (G′, H ′) is
given by
∆ = {θ1 + θ2, θ1 − θ2},
and
C :=
{[
O −tX
X O
] ∣∣∣∣ X =
[
θ1 0
0 θ2
]
0 ≤ θ1 + θ2 ≤ pi
0 ≤ θ1 − θ2 ≤ pi
}
is a fundamental domain of a′. The action of H on G˜2(To(G/H)) ∼= G′/H ′ is equivalent
with the isotropy action of H ′ on G′/H ′. Each orbit of H-action on G˜2(To(G/H)) ∼=
G′/H ′ intersects Exp(C) with only one point. Hence the orbit space of H-action can
be identified with C. This implies that θ1 + θ2 and θ1 − θ2 are invariants of H-action
on G˜2(To(G/H)) ∼= G′/H ′. Geometrically, θ1− θ2 is the Ka¨hler angle with respect to a
complex structure J0⊕J0. On the other hand, θ1+ θ2 is the Ka¨hler angle with respect
to J0 ⊕ (−J0).
θ1 − θ2
θ1 + θ20 pi
2
pi
pi
2
pi ❄
Lagrangian w.r.t. J0 ⊕ (−J0)
✛ Lagrangian w.r.t. J0 ⊕ J0
Figure 1: figure of C
Put X ∈ C as
X =


0 0 −θ1 0
0 0 0 −θ2
θ1 0 0 0
0 θ2 0 0

 .
Then ExpX ∈ G′/H ′ ∼= G˜2(To(G/H)) can be expressed as
ExpX = expX · V0
=


cos θ1 0 − sin θ1 0
0 cos θ2 0 − sin θ2
sin θ1 0 cos θ1 0
0 sin θ2 0 cos θ2

 · span{(e2, 0), (e3, 0)}
= span{cos θ1(e2, 0) + sin θ1(0, e2), cos θ2(e3, 0) + sin θ2(0, e3)}.
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Hereafter we consider Lagrangian surfaces with respect to a complex structure J0⊕J0.
Hence we assume that θ1 − θ2 = pi2 and put
θ := θ1 = θ2 +
pi
2
(
pi
4
≤ θ ≤ 3
4
pi
)
.
Then
ExpX = span{cos θ(e2, 0) + sin θ(0, e2), sin θ(e3, 0)− cos θ(0, e3)}.
We denote by mθ a 2-dimensional subspace of m˜ which corresponds to ExpX by the
identification of To(S
2 × S2) and m˜. Then
mθ = span





 0 − cos θ 0cos θ 0 0
0 0 0

 ,

 0 − sin θ 0sin θ 0 0
0 0 0



 ,



 0 0 − sin θ0 0 0
sin θ 0 0

 ,

 0 0 cos θ0 0 0
− cos θ 0 0






=





 0 −x1 cos θ −x2 sin θx1 cos θ 0 0
x2 sin θ 0 0

 ,

 0 −x1 sin θ x2 cos θx1 sin θ 0 0
−x2 cos θ 0 0




∣∣∣∣∣ x1, x2 ∈ R
}
.
We have an orthogonal decomposition
g = h+mθ +m
⊥
θ .
Now we shall determine Ker(Ψ2|h) under these notations. For
Z =



 0 0 00 0 −z1
0 z1 0

 ,

 0 0 00 0 −z2
0 z2 0



 ∈ h,
X =



 0 −x1 cos θ −x2 sin θx1 cos θ 0 0
x2 sin θ 0 0

 ,

 0 −x1 sin θ x2 cos θx1 sin θ 0 0
−x2 cos θ 0 0



 ∈ mθ,
we have
Ψ2(Z)X = (ad(Z)X)
⊥
=



 0 x2z1 sin θ −x1z1 cos θ−x2z1 sin θ 0 0
x1z1 cos θ 0 0

 ,

 0 −x2z2 cos θ −x1z2 sin θx2z2 cos θ 0 0
x1z2 sin θ 0 0




⊥
.
Thus for
Y =



 0 −y1 sin θ −y2 cos θy1 sin θ 0 0
y2 cos θ 0 0

 ,

 0 y1 cos θ −y2 sin θ−y1 cos θ 0 0
y2 sin θ 0 0



 ∈ m⊥θ ,
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we have
〈Ψ2(Z)X, Y 〉 = 〈[Z,X ]⊥, Y 〉 = 〈[Z,X ], Y 〉 = −1
2
tr(ZXY −XZY )
= x1y2(z1 cos
2 θ + z2 sin
2 θ)− x2y1(z1 sin2 θ + z2 cos2 θ).
Note that Z ∈ h is in Ker(Ψ2|h) if and only if 〈Ψ2(Z)X, Y 〉 = 0 for anyX ∈ mθ, Y ∈ m⊥θ .
Thus
Z ∈ Ker(Ψ2|h) ⇐⇒ 〈Ψ2(Z)X, Y 〉 = 0 (∀X ∈ mθ, ∀Y ∈ m⊥θ )
⇐⇒
{
z1 cos
2 θ + z2 sin
2 θ = 0
z1 sin
2 θ + z2 cos
2 θ = 0
⇐⇒
{
z1 = −z2 (if cos2 θ = sin2 θ)
z1 = z2 = 0 (if cos
2 θ 6= sin2 θ).
This yields that when θ = pi
4
or θ = 3
4
pi
Ker(Ψ2|h) =





 0 0 00 0 −z
0 z 0

 ,

 0 0 00 0 z
0 −z 0




∣∣∣∣∣ z ∈ R

 ,
hence dim(Im(Ψ2|h)) = 1. Otherwise Ker(Ψ2|h) = {0}, hence dim(Im(Ψ2|h)) = 2.
Let L be a Lagrangian surface of S2×S2 with respect to a complex structure J0⊕J0.
Assume that L contains o = (e1, e1) ∈ S2 × S2. Then from Theorem 4.1 we have
nulK(L) ≥ codim(L) + dim(Im(Ψ2|h)) ≥ 3. (5.1)
Since dim(Im(Ψ2|h)) is invariant under the action of H , the equality of the second
inequality of (5.1) holds if and only if To(L) is contained in subset H ·mpi/4 or H ·m3pi/4
of G˜2(To(G/H)). Let G˜2(T (G/H)) denote the Grassmannian bundle over G/H whose
fiber at each point p ∈ G/H is G˜2(Tp(G/H)). Since any point of L can be moved to
the origin o by the action of G, we have the following proposition.
Proposition 5.1. Let L be a Lagrangian surface with respect to a complex structure
J0 ⊕ J0 on S2 × S2. For any p ∈ L, take g ∈ G such that gp = o. Then the Killing
nullity of L satisfies the inequality
nulK(L) = nulK(gL) ≥ codim(gL) + dim Im(Ψ2|h) ≥ 3. (5.2)
Moreover, the equality condition of the last inequality in (5.2) holds for all p ∈ L if and
only if the tangent bundle TL of L is contained in the subbundle G ·mpi/4 or G ·m3pi/4
of G˜2(T (G/H)).
Now we study the condition that the equality of the last inequality of (5.2) will
be satisfied. When θ = pi
4
, we have θ1 + θ2 = 0, θ1 − θ2 = pi2 . When θ = 34pi, we
have θ1 + θ2 = pi, θ1 − θ2 = pi2 . Hence mpi4 and m 34pi are Lagrangian subspaces of
m˜ ∼= To(G/H) with respect to J0 ⊕ J0, and are complex subspaces with respect to
J0 ⊕ (−J0). Therefore the equality of the last inequality of (5.2) holds for all p ∈ L if
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and only if L is a complex submanifold of S2× S2 with respect to a complex structure
J0 ⊕ (−J0). A complex submanifold of a Ka¨hler manifold is a calibrated submanifold,
so it is volume minimizing in its homology class, in particular it is a stable minimal
submanifold. Castro and Urbano [1] obtained the following result for stable minimal
Lagrangian surfaces in S2 × S2.
Theorem 5.2 (Castro-Urbano [1]). The only stable compact minimal Lagrangian sur-
face of S2 × S2 is the totally geodesic Lagrangian sphere
M0 := {(x,−x) ∈ S2 × S2 | x ∈ S2}.
Hence, we have
Corollary 5.3. Let L be a compact connected Lagrangian surface in S2 × S2 with
respect to a complex structure J0 ⊕ J0. When we move any point of L to the origin o,
the inequality
nulK(L) ≥ codim(L) + dim Im(Ψ2|h) ≥ 3
is satisfied. Moreover, the equality of the second inequality in the above formula holds
for all points of L if and only if L is congruent to M0.
6 Classification of Lagrangian surfaces with low
Killing nullities
In this section, using the inequality in Proposition 5.1, let us classify Lagrangian sur-
faces of S2 × S2 with low Killing nullities.
6.1 The case where nulK(L) = 3
Let L be a compact connected Lagrangian surface in S2×S2. Assume that nulK(L) = 3.
Then, by Corollary 5.3, we have
3 = nulK(L) ≥ codim(L) + dim Im(Ψ2|h) ≥ 3
for all points of L. Hence, the equality condition of the second inequality holds. Using
Corollary 5.3 again, L must be congruent to the totally geodesic Lagrangian sphere
M0. We can prove that M0 is globally tight (see Section 7).
6.2 The case where nulK(L) = 4
Next, assume that nulK(L) = 4. Then L cannot be congruent to M0. Therefore, by
Corollary 5.3, there exist p ∈ L and g ∈ G such that gp = o and
4 = nulK(L) = nulK(gL) ≥ codim(gL) + dim Im(Ψ2|h) ≥ 4.
Hence, the equality condition of the first inequality holds. By Theorem 4.1, L is a
homogeneous Lagrangian surface in S2 × S2. Here, let us use the following recent
result on homogeneous Lagrangian surfaces in S2 × S2.
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Theorem 6.1 (Ma-Ohnita [9]). Let L be a compact homogeneous Lagrangian surface
in S2× S2. Then L must be congruent to either the totally geodesic Lagrangian sphere
M0 = {(x,−x) ∈ S2 × S2 | x ∈ S2}
or Lagrangian tori obtained by a product of latitude circles in S2
Ta,b := {(x, y) ∈ S2 × S2 | x1 = a, y1 = b} (0 ≤ a, b < 1).
Note that nulK(M0) = 3, nulK(Ta,b) = 4. Therefore, Theorem 6.1 implies that
the Lagrangian surface L must be congruent to Ta,b. It is clear that Ta,b is tight and,
especially, the totally geodesic Lagrangian torus T := T0,0 is globally tight.
2
Thus we finish the proof of Theorem 1.2.
7 Global tightness of the Lagrangian surface M0
In this section, we give a proof of the following theorem. This completes the proof of
Corollary 1.3.
Theorem 7.1. The totally geodesic Lagrangian sphere M0 in S
2×S2 is globally tight.
Remark 7.2. The fact that the totally geodesic Lagrangian submanifold RP n ⊂ CP n
is globally tight has been proven by Howard [4] using a different method.
First, we shall review the generalized Poincare´ formula in Riemannian homogeneous
spaces obtained by Howard [4].
Let U be a finite dimensional real vector space with an inner product, and V and
W vector subspaces in U . Take orthonormal bases v1, · · · , vp of V and w1, · · · , wq of
W . The angle σ(V,W ) between V and W is defined by
σ(V,W ) = ‖v1 ∧ · · · ∧ vp ∧ w1 ∧ · · · ∧ wq‖.
Let G be a Lie group equipped with a left invariant Riemannian metric and K a
closed subgroup of G. Moreover, we assume that the metric on G is biinvariant on K.
Then, for a subspace V of Tx(G/K) and a subspace W of Ty(G/K), we take gx, gy ∈ G
satisfying gxo = x and gyo = y. We define the angle σK(V,W ) between V and W by
σK(V,W ) =
∫
K
σ((dgx)
−1
o V, (dk)
−1
o (dgy)
−1
o W )dµ(k). (7.1)
Theorem 7.3 (Howard [4], Poincare´ formula). Let G/K be a Riemannian homoge-
neous space and assume that G is unimodular. Let M and N be submanifolds of G/K
with dim(G/K) ≤ dimM + dimN . Then we have∫
G
vol(M ∩ gN)dµ(g) =
∫
M×N
σK(T
⊥
x M,T
⊥
y N)dµ(x, y).
2The symbols M0, Ta,b and T were introduced in Castro and Urbano’s paper [1].
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Here we apply Theorem 7.3 in the case of S2 × S2 and calculate the integration of
intersection numbers #(M ∩ gN) when M = N =M0.
Let us put o := (e1,−e1) ∈ S2 × S2 ⊂ R3 × R3. Note that o ∈ M0. The tangent
space of S2 × S2 at o is given by
To(G/K) = To(S
2 × S2) = Te1(S2)⊕ T−e1(S2)
and {(e2, 0), (e3, 0), (0, e2), (0, e3)} forms an orthonormal basis of To(G/K). Moreover,
since M0 is a homogeneous submanifold, for any x ∈M0, there exists g ∈ G such that
u1 :=
1√
2
(e2,−e2), u2 := 1√
2
(e3,−e3)
is an orthonormal basis of (dg)−1o (TxM0) and
v1 :=
1√
2
(e2, e2), v2 :=
1√
2
(e3, e3)
is an orthonormal basis of (dg)−1o (T
⊥
x M0).
Then, from (7.1), we have
σK(T
⊥
x M0, T
⊥
y M0) =
∫
K
‖v1 ∧ v2 ∧ k−1(v1 ∧ v2)‖dµ(k).
By the Hodge ∗-operator, we have
σK(T
⊥
x M0, T
⊥
y M0) =
∫
K
|〈u1 ∧ u2, k−1(v1 ∧ v2)〉|dµ(k).
Since K = SO(2)× SO(2), we can put
a =
([
cosφ − sin φ
sinφ cosφ
]
,
[
1 0
0 1
])
, b =
([
1 0
0 1
]
,
[
cosψ − sinψ
sinψ cosψ
])
and k = b−1a. Then
σK(T
⊥
x M0, T
⊥
y M0) =
∫ 2pi
0
∫ 2pi
0
|〈a(u1 ∧ u2), b(v1 ∧ v2)〉|dφ dψ.
Here, by a direct calculation, we obtain
〈a(u1 ∧ u2), b(v1 ∧ v2)〉 = 1
2
(1− cos(φ+ ψ)).
Hence we have
σK(T
⊥
x M0, T
⊥
y M0) =
1
2
∫ 2pi
0
∫ 2pi
0
|1− cos(φ+ ψ)|dφ dψ = 2pi2.
Therefore Theorem 7.3 yields∫
G
#(M0 ∩ gM0)dµ(g) =
∫
M0×M0
σK(T
⊥
x M0, T
⊥
y M0)dµ(x, y) = 2pi
2vol(M0)
2.
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Since
vol(M0) = 2vol(S
2(1)) = 2 · 4pi = 8pi,
we have ∫
G
#(M0 ∩ gM0)dµ(g) = 128pi4. (7.2)
Here we review the Arnold-Givental inequality for real forms in Hermitian symmet-
ric spaces.
Theorem 7.4 (Oh [12], [13], [14]). Let G/K be a compact Hermitian symmetric space
and L be a real form of G/K. Assume that the minimal Maslov number of L is greater
than or equal to 2. Then for any Hamiltonian diffeomorphism ρ ∈ Ham(G/K) of G/K
such that L and ρ(L) intersect transversely, the inequality
#(L ∩ ρ(L)) ≥ SB(L,Z2)
holds.
Since the minimal Maslov number of M0 ⊂ S2 × S2 is greater than or equal to 2,
the assumption of the above theorem is satisfied.
Proof of Theorem 7.1. Assume that M0 ⊂ S2 × S2 is not globally tight. Then, there
exists g0 ∈ G such that M0 and g0M0 intersect transversely and
#(M0 ∩ g0M0) ≥ SB(M0,Z2) + 1.
Then, there exists an open neighborhood U of g0 in G satisfying
#(M0 ∩ gM0) ≥ SB(M0,Z2) + 1
for all g ∈ U . By equality (7.2) and Theorem 7.4, we have
128pi4 =
∫
G
#(M0 ∩ gM0)dµ(g)
=
∫
G\U
#(M0 ∩ gM0)dµ(g) +
∫
U
#(M0 ∩ gM0)dµ(g)
≥
∫
G\U
SB(M0,Z2)dµ(g) +
∫
U
(SB(M0,Z2) + 1)dµ(g)
=
∫
G
SB(M0,Z2)dµ(g) +
∫
U
dµ(g)
> SB(M0,Z2)vol(G)
Since SB(M0,Z2) = SB(S
2,Z2) = 2 and
vol(G) = vol(SO(3))2 = (8pi2)2 = 64pi4,
we have
128pi4 > SB(M0,Z2)vol(G) = 128pi
4.
This is a contradiction. Therefore, M0 ⊂ S2 × S2 is globally tight.
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